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ABSTRACT 

Tlio influence of combined states of stress on the shear response 

along material principal directions in off-axis, unidirectional, composite 

coupons is examined for systems whose matrix material obeys the von Mises 

yield condition.  Such analysis is motivated by trends in experimental 

data observed for at least two composite systems that Indicate deviation 

from pure shear behavior along,  material directions for various off-axis 

configurat ions. 

The yield function for plane stress of a transversely Isotropie 

composite lamina consisting of stiff, linearly elastic fibers and a 

von Mises matrix material Is formulated in terms of Hill's elastic stress 

concentration factors and a single plastic constraint parameter.  The above 

are subsequently evaluated on the basis of observed average lamina and 

constituent response for the Avco 5505 boron-epoxy system.  It Is shown 

that inclusion of residual stresses In the yield function together with the 

incorporation of Pubey and Hlllier's concept of generalized vield stress 

lor anisotropic media in the constitutive equation correctly predicts the 

trends observed in experiments.  The incorporation of the strong axial 

stress interaction necessary to predict the correct trends In the shear 

response is directly traced to the high residual axial stresses in the 

matrix induced during fabrication of the composite. 
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INTRODUCTION 

The use of the off-axis tensile specimen for determination and/or 

verification of elastic properties and fracture strength of unidirectional 

composite materials is well documented, eq. Sih flj.  As most composite 

materials exhibit varying degrees of nonlinear response prior to failure 

in an off-axis tension test, this specimen would also appear well suited 

for verification of the various assumptions in a number of nonlinear 

theories recently proposed in the literature, as well as some of their 

consequences.  An indirect outgrowth of certain assumptions employed in 

one such theory, for instance, is a recently proposed method for determi- 

nation of nonlinear lamina shear stress-strain response on the basis of 

the 10° off-axis tension test [2]. 

The nonlinear response of unidirectional composites is a complex 

phenomenon which can be caused by a number of diverse mechanisms such as 

nonlinear constituent behavior, damage accumulation through fiber or 

matrix cracking or debonding, fiber rotation or any combination of the 

above to mention the better known causes.  The extension of results of 

the uniaxial test along principal material directions to constitutive 

models for multiaxial loading situations is not always straightforward 

due to the possibility of various stress interactions taking place at the 

microlevel.  Foy [3] for example demonstrated the influence of the trans- 

verse normal stress component on the shear strain response (and vice 

versa) along the material axe«? for composites with stiff, linearly elastic 

fibers and ductile matrices uaing a finite element, micro-mechanical anal- 

ysis.  He showed that for combined normal shear loading in a fixed ratio 



yielding Initiated sooner and the extent of inelastic behavior was more 

pronounced than for either normal or shear stress acting alone (Fig. 1). 

A number of macromechanical constitutive models have bsen proposed in 

the literature [4-8] to describe the nonlinear response of lamina with 

stiff, elastic fibers and significantly more compliant and often ductile 

matrices The early attempts 14,5] disregarded the possibility of stress 

interaction in the nonlinear range during combined loadings, while in the 

later formulations this effect was taken into account, often in an 

heuristic manner. One such model due to Hashin et al [6] is reminiscent 

of the total deformation theory of plasticity in that the stress interac- 

tion is accounted for through a loading function, based upon an invariant 

formulation, which is used to determine the different functional forms of 

the various strain components. The loading function is limited to quad- 

ratic terms in transverse normal and shear stresses :hus eliminating the 

possibility of the axial normal stress influence on the transverse and 

shear strain behavior. 

Data generated by Cole and Pipes [9] are employed in this paper to 

re-examine and study the extent of stress interaction in off-axis unidi- 

rectional boron-epoxy coupons with the aid of Hashin's model and a micro- 

mechanical approach utilizing a yield function concept based on Hill's 

method [10] for determining the elastic stress concentration factors. 

The results of the micromechanical analysis are subsequently employed in 

Dubey and Hillier's generalized yield stress formulation [11] to study 

the nonlinear shear stress-strain response along the principal material 

directions in off-axis tension coupons. Several fiber orientation are 

considered including the 10° coupon which has been proposed for the 
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determination of pure shear response. 

fc influence of stress interaction on the shear v.spon.« in the 

„„re sheer response obtained fro. unidirectional tnhes. These experimental 

re,„», she» thet the extent of inelastic hehavior is not . .onotonic 

action of fiber oriental. * inelastic sheer strains (for . spad- 

ed sheer stress, decrease in «nitude as the fiher an5le i. inere.se, 

fro. 15- to 30-, but as the fiher »n8i« is iner.a.ea farther to .«• the 

inelastic strains inerease.  <Si.ilar hehavior na. heen observed bv the 

.other, for the 8raphite-PoXvi.id. .«-!• —> ~ °<  "" *°*U 

ot this paper is to provide an explanation for seeh hehavior. 

outlined. It is then used to predict the shear stress-strain response 

.ion, »aterial axe. u.ing „nidlreetion.i d.t. t.xen fro» Ref. [9]. An 

CTpirical oh.erv.tion i. «ade that »edification of „.shin's —1 bv 

Corporation of an axial „or»l .tress int.r.etlon ter. 

„proves correlation vlth the experi.ental data. B.sed on the ahev. 

result., .lero..cha„ical fo.-l.tlon of the yield function for the 

„»penent on yieldins in the matrix ph.se ,nd its consequences on the 

nonlinear .hear response alo„g material direction..  It is shew, that 

.„corporation of the presence of residual curlng stresses in the co.posite 

U- to the correct Prediction of trend, in the experi.ental shear stress- 

strain data of Cole and Pipes. 
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STRESS INTERACTION MODEL 

Fo'lowing cliissic.nl concepts of deformation theory of plasticity 

Hashin ec al [6] assume that the inelastic part of strain can be expressed 

in the following manner. 

p _ 
eij ~ aijfij(L) (no summation)        (1) 

where L is some general quadratic loading function of the stresses. 

Since composites which employ stiff fibers such as boron or graphite 

behave linearly (or nearly so) under loads applied in the fiber direction, 

the plastic response is assumed to be limited to transverse and shear 

strains.  Furthermore, the effect of the stress in the fiber direction 

on the remaining strain components is neglected and thus Eq. (1) is 

expressible as follows: 

P    °12      2      2 
E12 - 2G^- f12 (a °22 + 0O12> 

P   °22      2      2 
G22 " E^7 f22 (a °22 + ßal2> 

(2) 

where the interaction term ^yi0!!  has been excluded on "-^e  basis of 

material symmetry arguments and only strains relevant to laminate analysis 

retained.  The functional form of f22(L) and f12(L) is determined from 

uniaxial t. nsion and torsion tests along material directions.  It is noted 

that no explicit mention is made of the yield function and its relationship 

to the loading function in this formulation despite apparent separation of 

the total strain into elastic and inelastic or plastic portions.  Combining 

plastic and elastic portions of strain, the relevant total strain components 

become: 



"11 

"22 

11 _ JL2 

Ell      Ell 
22 

12 A °22 A °22 

"ll    Xi      b22      "22 ftHW 
M-l 

2 (3) 

'12      2G12      2G * [ft /♦rai 
N-l 

2 

where the constants M, N, O  , and T are obtained from the Ramberg-Osgood 

approximation of uniaxial tests. 



THEORETICAL-EXPERIMENTAL-CORRELATION 

Data presented by Cole and Pipes on the Avco 5505 boron-epoxy system 

have been employed to determine the Ramberg-Osgood parameters in Hashin's 

model. These are given in.the appendix. Predicted shear response in the 

material coordinate system for the various off-axis fiber orientations is 

plotted in Fig. 3. While Hashin's model predicts monotonically decreasing 

response with increasing off-axis angle, the experimental data points to a 

reversal around 30° off-axis angle (Fig. 2>. 

The concept of stress interaction in an elastoplastic material can be 

illustrated by considering the shear stress-strain response along axes 

inclined at some angle with respect to the loading direction of an isotropic 

tensile specimen. The hypothetical isotropic material is taken to have the 

same shear properties as the considered boron-epoxy system for illustration 

purposes. Using the J. isotropic theory (in this case the flow and defor- 

mation approaches are coincident) the shear response along the inclined 

axes is given by: 

N-l 
°12 ,  °12 ,  2 , 1 ,.  2ft .   ,. 2Q,. 2  ,12,N-l      ,.. 

E12 = 2C~ + 2G~ [ 3 + 3 (tan ° + COtan 6)1   (T")        (4) 

12    72 y 

with yield governed by: 

°12 f f + I (tan2° + cotan29)] = S2, 0<6<90° (5) 

/3 (or alternatively, o = -=■ S sin26) where S is the yield stress in 

in pure shear.  Eq. (4), plotted in Fig. 4, predicts monotonically 

increasing shear response along rotated axes with increasing angle between 

0° and 45° with reversal occuring at 45°.  This follows from the symmetry 

8 
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of the yield function (Eq. 5) about the 45° angle. For comparison purposes 

Hashin's theory (Fig. 3) yields the following relation for the shear res- 

ponse along material axes inclined at the same angle as the reference axes 

in the hypothetical Isotropie specimen 

°12 + ^12 u + (LL}
2
 tan201

N-T <°f^ (6) 
12  2Gi2 2G12    wy y 

The absence of the resolved shear stress reversal in the above model e*n be 

directly traced to the absence of the axial stress <ou) interaction term. 



MICROMECHANICAL CONSIDERATIONS 

Assuming that the matrix can be modelled as a von Mises solid that 

controls the nonlinear response of the composite, the yield function of 

the lamina can be determined from the knowledge of the stress concentration 

factors at yield. We take the view that these stress concentration factors 

are related to the average elastic concentration factors through a single 

plastic constraint parameter. This appears to be partially substantiated 

by various finite-element, micromechanical studies, c.f. Dvorak and Rao 

[12], which have revealed that although yielding usually starts at the 

fiber/matrix interface, the stress vector remains nearly radial under 

proportional loading. The yield zone on the other hand spreads rapidly 

throughout the entire matrix with increasing external tractions. 

The elastic stress concentration factors can be determined from the 

knowledge of the average lamina as well as constituent response following 

Hill's outline 110]. The relationship between average matrix and external 

stresses at yield, including residual stresses, is then assumed to be 

expressible as follows: 

11m 

522m  " KP 

°12m 

Bll  B12 

B21  B22 
(7) 

0    0   B66J \o12 

*„ .«, rn  mit-rix r residual and no subscript external where subscript m refers to matrix, r res-iuua 

„w- n -5    - -^EL, and the elastic stresses. Also. o33m = c^ where ö22mr  ö33mr    A 

stress concentration factors Bu. .B66 are given in the appendix. 

Here, K is the previously mentioned plastic constraint factor to be 

12 
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determined from experimental data, and the single scale factor A is a 

consequence of transverse isotropy of the composite. 

Employing the above formulation, von Mises yield function for the 

transversely isotropic lamina in plane stress becomes: 

I (BirBllB21+E21)5llKp + 1  (B12-B12B22+B22);;22Kp 

1 - -  2 
+ 3 (2BllB12+2B21B22"BllB22-B21B12)all°22KP 

+ 1 (1 * i)5llmr(2BirB21)5llKp + 3  (1 - X)5llmr(2B12-B22)522K
P 

+ B66512Kp = K2-jt(l4)5llmr]
2 (8) 

where K is the yield shear stress of the matrix material. 

The importance of the residual stresses cannot be overemphasized. 

Employing a single inclusion composite cylinder model and temperature 

dependent material properties for this particular system,  the average cur- 

ing stresses have been estimated to be: 

5llmr\ 

°22mr ? = 2786 ^ 1/3 / Psi <9> 

°33mJ      Vl'3 

Although time dependent response has not been considered due to insuf- 

ficient data, the reduction in residual stresses due to viscoelastic 

response will be partially off-set by the use of a single inclusion com- 

posite cylinder model which generally underestimates induced stresses. 

The above yield function (Eq. 8) is plotted in Fig. 5 in terms of the 

resolved shear stress along the material axes and the off-axis angle. 
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Also plotted are the yield functions of an equivalent isotropic material 

and a transversely isotropic lamina with no residual stresses. It is 

clearly seen that the reversal of the shear stress-strain response evident 

in Cole's and Pipes' data can be explained on the basis of initial yielding 

in the matrix. To do this we formulate a.  generalized yield stress function 

according to Dubey's and Hillier's suggestion as follows: 

5 ■ Vij + ^WVM 

and assume that the plastic shear strain is a function of Ö. The coeffi- 

cients C... D .  are determined from the yield function given by Eq. (8) 
ij  i j KX. 

and the pure shear response. These are given in the appendix. The result- 

ing shear stress-strain curves along material axes for the various off-axis 

angles are presented in Fig. 6 indicating the extent of stress interaction. 

It is seen that the use of the 10° off-axis specimen for determination of 

pure shear response can lead to noticeable deviations for a material syscem 

that can be modelled by the assumed set of governing equations. 
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CONCLUSIONS 

The deviations from pure shear response along material axes in an off- 

axes tension test for the Avco 5505 boron-epoxy system have been explained 

to a large extent on the basis of micromechanical formulation of a yield 

surface and a generalized yield stress concept. The model is applicable 

to systems with stiff, linearly elastic fibers and ductile matrices whose 

response can be approximated by that of a von Mises solid. The trends 

evident in the data of Cole and Pipes for the shear response along the 

mater-Sal principal directions are traced to the stron« axial stress (o.,) 

interaction which in turn follows from relatively significant residual 

stresses. The model predicts that in the absence of these stresses the 

influence of axial stress on nonlinear shear stress-strain response for 

low o£f-axis fiber orientations is only significant in the 0°-5° off-axis 

range. When the residual stresses are included, however, this influence 

is noticeable up to approximately 15". This is interesting in view of the 

recently proposed test method for determination of pure nonlinear shear 

stress-strain response on basis of the 10° off-axis tension test. 

17 



REFERENCES 

1. Sih, G. C, "Fracture Mechanics of Composite Materials," Fracture 
of Composite Materials, Sih and Tamuzs, editors, Sijthoff and 

Noordhoff, 1979, p. 111. 

2. Chamis, C. C, Sinclair, J. H., "10° Off-Axis Tensile Test for Shear 
Properties in Fiber Composites," Experimental Mechanics, Vol. 17, 

No. 9, Sept. 1977, p. 339. 

3. Foye, R. L., "Theoretical Post-Yielding Behavior of Composite 
Laminates, Part I - Inelastic Micromechanics," J.C.M. Vol. 7, 

April, 1973, p. 178. 

4. Petit, P. H. and Waddoups, M. E., "A Method for Predicting the Non- 
linear Behavior of Laminated Composites," J.C.M., Vol. 3, January, 

1969, p. 2. 

5. Hahn, H. T. and Tsai, S. W., "Nonlinear Elastic Behavior of Unidirec- 
tional Composite Laminae," J.C.M., Vol. 7, January. 1973, p. 102. 

6. Hashin, Z., Bagchi, D., Rosen, B. W., "Nonlinear Behavior of Fiber 
Composite Laminates," NASA CR-2313, April, 1974. 

7. Sandhu, R. S., "Nonlinear Behavior of Unidirectional and Angle-Ply 
Laminates," J. Aircraft, Vol. 13, To. 2. 

8. J-nes, R. M. and Morgan, M. S., "Analysis of Nonlinear Stress-Strain 
Behavior of Fiber-Reinforced Composite Materials," AIAA Journal, 

Vol. 15, No. 12, December, 1977. 

9. Cole, B. and Pipes, R., "Filamentary Composite Laminates Subjected to 
Biaxial Stress Fields," AFFDL-TR-73-115, 1974. 

10. Hill, R., "Elastic Properties of Reinforced Solids: Some Theoretical 
Principles," J. Mech. Phys. Solids, 1963, Vol. 11, pp. 357-372. 

11. Dubey, R., Hillier, M. J., "Yield Criteria and the Bauschinger Effect 
for a Plastic Solid," Transactions of the ASME, Paper No. 71-Met-P. 

12. Dvorak, ». J., Rao, M. S. M., "Axisymmetric Plasticity Theory of 
Fibrous Composites," Int. J. Er.gr. Sei., Vol. 14, pp. 361-373. 

18 



APPENDIX 

i) Ramberg-Osgood parameters for the Avco 5505 Boron-Epoxy system 

M ay(psi) N Ty(psi) 

3.434 26,155.2 4.430 9,593.9 

ii)  Elastic stress concentration factors Bj^, B&6 
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V 

m ( 
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(Ef-Em)2-(vfEm-VmEf' 
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where 

20 

Gm - 0.19 x 10
6 psi Gf - 24.0 x 10

6 psi 

Em = 0.49 x 10
6 psi Ef = 58.0 x 10

6 psi 

v
m " 0..31 Vf - 0.20 

v = 0.50 m 

G„ = 0.88 x 106 psi "12 

hi E., = 30.1 x 106 psi 

E22 = 2.87 x 10
6 psi 

v12 ■= 0.225 

iii) Determination of generalized yield stress.  From experiment 

P _ °12 °12 N_1 C12 ~ 2G  ^~T^   ' Also a = *^66 ai? in contracted notation.  Thus 
12   y LL 

12~ 2Gi2 (7^E= 
y  66 

From longitudinal tension and compression we obtain: C. = E, J5        in 

contracted notation, where 

(w 

* 

<w 
Xt' Xc bein8 the magnitudes of yield stress in tension and compression 

respectively.  Similarly in transverse tension and compression 

c2 = n ^ 

where 

n   (W 
n = (Yc+Yt) 
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From the invarlance of o we also have: 

c   ^ r?     .Z.    v      ou 
/Dn = cx^; (1+U 

and 

/2D 
AT—  'S ,   66 

11      \   (i+n) 

where S is the yield stress in pure shear.  Thus the function 
1  ^VA v   66 

becomes: 

y   66 
4 ' (l+O ii  vt

; (i+n) 22 

-2 
°11 r s  2   °ii      s  2 

t   <!+?.)     T O+n) 

22  , -2 
— +012 

The parameters S, X , Y , £ and n have been evaluated from the yield 

function given by Eq. (8) and the experimental data.  The plastic 

constraint factor K has been determined on the basis of yielding (i.e. 
P 

deviation from linearity) in transverse tension. 
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